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Uncovering cellular heterogeneity

~1013 cells in the human body,
with vastly different functions.

Early efforts to cartography
cell identity relied on microscopy1.

Recent initiatives measure the
molecular profile of the cell2.

Ramónࠀࠀ y Cajal, ;899ࠀ Regevࠁ et al., eLife, 7ࠀ߿ࠁ
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~  cells in the human 
body, with vastly different 

functions.

1013 Early efforts to cartography 
cell identity relied on 

microscopy. 
[Ramón y Cajal, 1899]

Recent initiatives measure the 
molecular profile of the cell. 
[Regev et al., eLife, 2017]

Unraveling cell diversity



Single Cell Multi-omics
Understanding cell diversity: many types, many states for each type.

Applications: cancer mutations, dynamic of adaptation, development, …
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Single Cell Multi-omics
Understanding cell diversity: many types, many states for each type.

Applications: cancer mutations, dynamic of adaptation, development, …
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Multi-omics integration: next frontier … 
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ATAC-seq

Different omics spaces:

RNA-seq CITE-seq
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Applications of multimodal omics

The joint profiling of gene expression and
surface proteins enabled to identify a new
subpopulation of CD8 TEM cells8.

Spatial transcriptomics profiled across
time have allowed to study development
at unprecedented resolution9.

CD103+ CD8+ TEM

CD8+ TEM

Zebrafish embryos along development

48Hao et al., Cell, ;ࠀࠁ߿ࠁ 9Liu et al., Developmental Cell, ࠁࠁ߿ࠁ
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The joint profiling of gene expression and 
surface proteins enabled to identify a new 

subpopulation of CD8 TEM cells.
[Hao et al., Cell, 2021]

Spatial transcriptomics profiled across time 
have allowed to study development at 

unprecedented resolution.  
[Liu et al., Developmental Cell, 2022]

Examples of recent biological discoveries



Comparing Distributions for Single Cells

Context and aims OT cell-cell similarity Wasserstein Singular Vectors Paired multiomics integration Thesis overview

Single-cell profiling uncovers cellular heterogeneity

• Until recently, samples contained many cells (bulk omics)
• Today, we can measure omics at the single cell level1.

21Mincarelli et al. 2018 2Lähnemann et al. 2020
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Kantorovitch’s Formulation
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yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>

Leonid 
Kantorovitch



P > 0, P1m = a,P>1n = b
<latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit>

[Kantorovich 1942]

min
P

nP
i,j d(xi, yj)pPi,j ;

o

<latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit>

Kantorovitch’s Formulation

↵ =
Pn

i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit>

P
j Pi,j = ai

<latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit>

P
i Pi,j = bj

<latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>
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OT for Cell to Cell Dissimilarity

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>
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a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit> b

<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

<latexit sha1_base64="CEbcaML8xC6QMPK8sFu73Y4Daug="></latexit>

||a� b||1
<latexit sha1_base64="0Mkq/v80rrlhYUTM0SY4dgfG9RQ="></latexit>

OT

<latexit sha1_base64="TEoaH1ZLGYM2D1MIJ1swGNjy450="></latexit>sparse
<latexit sha1_base64="hTb29Gui6+TqErQwUSkV1IIo0O4="></latexit>

noisy
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OT for Cell to Cell Dissimilarity

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>
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a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit> b

<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

<latexit sha1_base64="CEbcaML8xC6QMPK8sFu73Y4Daug="></latexit>

||a� b||1

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

<latexit sha1_base64="0Mkq/v80rrlhYUTM0SY4dgfG9RQ="></latexit>

OT

<latexit sha1_base64="TEoaH1ZLGYM2D1MIJ1swGNjy450="></latexit>sparse
<latexit sha1_base64="hTb29Gui6+TqErQwUSkV1IIo0O4="></latexit>

noisy

<latexit sha1_base64="rckUlp4AuIWgbmmyBNBnPVGh++g="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, xj) Pi,jOT(a, b) :=
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OT for Cell to Cell Dissimilarity

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>
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a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit> b

<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

<latexit sha1_base64="CEbcaML8xC6QMPK8sFu73Y4Daug="></latexit>

||a� b||1

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

<latexit sha1_base64="0Mkq/v80rrlhYUTM0SY4dgfG9RQ="></latexit>

OT

<latexit sha1_base64="i7/quCY4fyUmnPWfUroseKDhnuU="></latexit>

Bio-inspired

<latexit sha1_base64="hPtC3MVgY6+R6Tu/wDKXRGuu+n0="></latexit>

Data-driven

<latexit sha1_base64="CntraNBg9mYuBJLKHR51k3rL0i0="></latexit>

(e.g. via regulation networks)
<latexit sha1_base64="HkSeENueEhaqEXwG12Vc/2aoSZM="></latexit>

Choice of
<latexit sha1_base64="5KehH7u5mRjTvh4RNybA2k4jlhs="></latexit>

gene’s distance
<latexit sha1_base64="vAGahs8HhgkK7afYI/mBTK4JZkY="></latexit>

d(xi, xj)
<latexit sha1_base64="vAGahs8HhgkK7afYI/mBTK4JZkY="></latexit>

d(xi, xj)

<latexit sha1_base64="TEoaH1ZLGYM2D1MIJ1swGNjy450="></latexit>sparse
<latexit sha1_base64="hTb29Gui6+TqErQwUSkV1IIo0O4="></latexit>

noisy

<latexit sha1_base64="rckUlp4AuIWgbmmyBNBnPVGh++g="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, xj) Pi,jOT(a, b) :=
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Paired Multi-omics Integration

> pip install mowgli

<latexit sha1_base64="D+BTpQDTLsuQxDGkm5bQcuzxV/s="></latexit>⇡

<latexit sha1_base64="wrGTSrLUuaRimMADBfs8YT8hOX0="></latexit>⇥

<latexit sha1_base64="D+BTpQDTLsuQxDGkm5bQcuzxV/s="></latexit>⇡

<latexit sha1_base64="4zRMyofGVvZDzHMLkoMkcIwcgkU="></latexit>

clustering

<latexit sha1_base64="lIRSBtvJcg/dPYE+yx9m6aNrdEs="></latexit>

Gene set
<latexit sha1_base64="p9qBAtT0sQ9OxWrZqTMkFBJLPXA="></latexit>
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Applications of multimodal omics

The joint profiling of gene expression and
surface proteins enabled to identify a new
subpopulation of CD8 TEM cells8.

Spatial transcriptomics profiled across
time have allowed to study development
at unprecedented resolution9.

CD103+ CD8+ TEM Zebrafish embryos along development

48Hao et al., Cell, ;ࠀࠁ߿ࠁ 9Liu et al., Developmental Cell, ࠁࠁ߿ࠁ
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with OT



Optimal Transport Across Cells

<latexit sha1_base64="E7xwgtYw1POYNmjFBGWIgnslFAY="></latexit> [W
ad

d
in
gt
on

,
19

36
]

Conrad  
Waddington



Optimal Transport Across Cells

<latexit sha1_base64="dr9fl5ndkD+EfhnptSEBNz9eg14="></latexit>

day 1

<latexit sha1_base64="MTxCuQn84HaqJmL3FztUTylLjR8="></latexit>

day 18

<latexit sha1_base64="E7xwgtYw1POYNmjFBGWIgnslFAY="></latexit> [W
ad

d
in
gt
on

,
19

36
]

Conrad  
Waddington

<latexit sha1_base64="vh31vAG5AzHYBeJ+kRgiWs/Cvbc="></latexit>

[Schiebinger et al 2019]

Geoffrey 
Schiebinger



Optimal Transport Across Cells

<latexit sha1_base64="dr9fl5ndkD+EfhnptSEBNz9eg14="></latexit>

day 1

<latexit sha1_base64="MTxCuQn84HaqJmL3FztUTylLjR8="></latexit>

day 18

<latexit sha1_base64="E7xwgtYw1POYNmjFBGWIgnslFAY="></latexit> [W
ad

d
in
gt
on

,
19

36
]

Conrad  
Waddington

<latexit sha1_base64="vh31vAG5AzHYBeJ+kRgiWs/Cvbc="></latexit>

[Schiebinger et al 2019]

Geoffrey 
Schiebinger

Pt
Pt+1

Gluing transport: 
trajectory inference



Gromov-Wasserstein

Data in two different spaces  and .X Y X
?

?

Inner distances  and dX dY
Y



Gromov-Wasserstein

Facundo 
Memoli

Karl-Theodor 
Sturm

Data in two different spaces  and .X Y X
?

?

Inner distances  and dX dY

�! non-convex, NP-hard . . .
<latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit>

[Memoli 2011]
<latexit sha1_base64="AkiNCXlhCi3VPvfsu2RRzG0SIYE="></latexit>

[Sturm 2011]

min
P ∑

i,j,i′￼,j′￼

|dX(xi, xi′￼
) − dY(yj, yj′￼

) |2Pi,jPi′￼,j′

Gromov-Wasserstein problem:

Y

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX

<latexit sha1_base64="kVF27gTIsbauBCqg40Iqh1v4D6s="></latexit>

dY
<latexit sha1_base64="Ov2LTKTmb98Skpojd3G2ltsOy/U="></latexit>y

<latexit sha1_base64="LvFcuviAqZAdjSTE/PqtKDzG1pU="></latexit>

y0

<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0

P

X

Y



Gromov-Wasserstein

<latexit sha1_base64="6XcTMNLhOkSkELp7a9v5fVQsQH4="></latexit>

up to isometries.
<latexit sha1_base64="fcW1dR7VxF9OmMhK+EQAhlodyGE="></latexit>

Theorem: GW is a distance

Facundo 
Memoli

Karl-Theodor 
Sturm

Data in two different spaces  and .X Y X
?

?

Inner distances  and dX dY

�! non-convex, NP-hard . . .
<latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit><latexit sha1_base64="ggcMBMVGAVaQVaHnsBSwPgZxe5I="></latexit>

[Memoli 2011]
<latexit sha1_base64="AkiNCXlhCi3VPvfsu2RRzG0SIYE="></latexit>

[Sturm 2011]

min
P ∑

i,j,i′￼,j′￼

|dX(xi, xi′￼
) − dY(yj, yj′￼

) |2Pi,jPi′￼,j′

Gromov-Wasserstein problem:

Y

<latexit sha1_base64="O+fT+UDZYhoqifeIw6Ke6DTBAFc="></latexit>

dX

<latexit sha1_base64="kVF27gTIsbauBCqg40Iqh1v4D6s="></latexit>

dY
<latexit sha1_base64="Ov2LTKTmb98Skpojd3G2ltsOy/U="></latexit>y

<latexit sha1_base64="LvFcuviAqZAdjSTE/PqtKDzG1pU="></latexit>

y0

<latexit sha1_base64="P6ma5GbrGzlp3Azs8/N4GutUeUg="></latexit>x

<latexit sha1_base64="lu4TI7OEyJXvtBBsg9Av3iRYKnI="></latexit>

x0

P

X

Y



Multi-Omics Integration
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Better modeling the dynamics:  use gradient flows
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Conclusion: gradient flows for genomics

αt+1 = argminβ OT(αt, β) + τf(β)
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Key issues: learning the potential  f(β)
Integrate several omics

Conclusion: gradient flows for genomics

αt+1 = argminβ OT(αt, β) + τf(β)




